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DERIVED INVARIANTS OF THE FIXED RING OF ENVELOPING
ALGEBRAS OF SEMI-SIMPLE LIE ALGEBRAS
AKAKI TIKARADZE
Abstract. Let g be a semi-simple complex Lie algebra, and let W be a finite subgroup of C-
algebra automorphisms of the enveloping algebra Ug. We show that the derived category of U(g)W -
modules determines isomorphism classes of both g and W. Our proof is based on the geometry of the
Zassenhaus variety of the reduction modulo p≫ 0 of g. Specifically, we use non-existence of certain
e´tale coverings of its smooth locus.
1. Introduction
Questions regarding finite subgroups of automorphisms of enveloping algebras have been of in-
terest in ring theory and representation theory for some time now. One such natural question is
as follows. Given a finite subgroup Γ ⊂ Aut(U(g)) of automorphisms of the enveloping algebra
of a complex semi-simple Lie algebra g, to what extent can g and Γ be recovered from the fixed
ring U(g)Γ? One of the earliest results in this direction was obtained by Alev and Polo [AP]. They
showed that given a finite subgroup W of automorphisms of the enveloping algebra of a semi-simple
Lie algebra g, such that the fixed ring U(g)W is isomorphic to an enveloping algebra of a Lie al-
gebra g′, then W must be trivial and g′ = g. On the other hand, Caldero [C] showed that given
semi-simple Lie algebras g, g′ and finite subgroups of automorphisms of corresponding enveloping
algebras W ⊂ Aut(U(g)), W ′ ⊂ Aut(U(g′)) such that the corresponding fixed rings U(g)W and
U(g′)W
′
are isomorphic , then g ∼= g′. If in addition W,W ′ consist of adjoint automorphisms, then
Caldero also shows that C[W ] ∼= C[W ′]. Moreover, if W is a subgroup of PSL2, then W ∼= W
′.
The following is our main result.
Theorem 1.1. Let g, g′ be semi-simple complex Lie algebras. Let W ⊂ Aut(U(g)) and W ′ ⊂
Aut(U(g′)) be finite subgroups of C-algebra automorphisms. If the fixed-point algebras U(g)W and
U(g′)W
′
are derived equivalent, then g ∼= g′ and W ∼= W ′.
We also have a similar result about the fixed-point subalgebras of rings of differential operators.
Theorem 1.2. Let X, Y be smooth affine simply connected varieties over C. Let Γ and W be finite
subgroups of automorphisms of D(X) and D(Y ) respectively. If the fixed-point algebras D(X)Γ and
D(Y )W are derived equivalent, then Γ ∼= W.
These results and their proof are motivated by the following analogue for Poisson varieties.
Throughout by a p′-degree we will mean a degree not divisible by p.
Lemma 1.1. Let X and Y be affine normal Poisson varieties over an algebraically closed field
k of characteristic p, such that their symplectic loci do not admit any nontrivial p′-degree e´tale
covering and have complements of codimension ≥ 2. Let Γ (resp. W ) be a finite subgroup of
Poisson automorphisms of X (respectively Y ) of order not divisible by p. If X/Γ ∼= Y/W as Poisson
varieties, then there exists an isomorphism of Poisson varieties f : X ∼= Y such that f∗(Γ) = W ,
where f∗ : Aut(X)→ Aut(Y ) is the induces isomorphism.
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The proof of our main results is based on reduction modulo a very large prime technique, which
allows a passage to Lemma 1.1.
2. Proofs
At first, we recall the crucial definition of a Poisson bracket on the center of a reduction modulo p
of an algebra. Given an associative flat Z-algebra R and a prime number p, then the center Z(Rp) of
its reduction modulo p acquires the natural Poisson bracket, which we refer to as the deformation
Poisson bracket, defined as follows. Given a, b ∈ Z(Rp), let z, w ∈ R be their lifts respectively.
Then the Poisson bracket {a, b} is defined to be
1
p
[z, w] mod p ∈ Z(Rp).
This way we obtain a natural homomorphism from Aut(R) to the group of Poisson algebra au-
tomorphisms of Rp. Next we recall what the above Poisson bracket is in the case of algebras of
differential operators and enveloping algebras of semi-simple Lie algebras.
Let g be a semi-simple Lie algebra defined over Z, and let gp be its reduction modulo prime p≫ 0.
Denote by Z0(gp) the image of Z(U(g)) in Z(U(gp)) (the Harish-Chandra part of the center), while
Zp(gp) denotes the p-center which is generated by elements of the form x
p − x[p], x ∈ gp. Clearly
Z0(gp) lies in the Poisson center of Z(U(gp)), while the Poisson bracket on Zp(gp) is the negative
of the Kirillov-Kostant bracket [KR]
{ap − a[p], bp − b[p]} = −([a, b]p − [a, b][p]), a ∈ gp, b ∈ gp.
By a well-known theorem of Veldkamp, Z(U(gp)) = Zp(gp)Z0(gp). Now let k be an algebraically
closed field of characteristic p, thus Z(U(gk)) = Z(U(gp))⊗ k is equipped with the corresponding
k-linear Poisson bracket. Let χ : Z0(gk) → k be a character. Let Gk be the simply-connected
semi-simple algebraic group corresponding to gk. Then the quotient
Zχ = Z(U(gk)/ kerχ) = Z(U(gk))/ ker(χ)
is equipped with the induced Poisson bracket, and it follows from the well-known description of
Z(U(gk)) (see for example [[MR] Cor.3]) that SpecZχ is isomorphic as a Poisson variety to µ
−1(χ′),
where µ : g∗
k
→ g∗
k
//Gk is the usual map and χ
′ ∈ g∗
k
//Gk (we do not need to know a precise
formula for χ′ here). Therefore, the symplectic locus of SpecZχ has a complement of codimension
at least 2.
Similarly, given a smooth affine variety X over S, then the center of the reduction modulo p of
its ring of differential operators D(Xp) is isomorphic to the Frobenius twist of the ring of regular
functions on the cotangent bundle of Xp (see [BMR]). Moreover, its Poisson bracket equals to the
negative of the usual Poisson bracket of the cotangent bundle. In particular, given a base change
S → k to an algebraically closed field of characteristic p, then under the induces k-linear Poisson
bracket SpecZ(D(X)⊗S k) is a symplectic variety.
Recall the following well-known result from algebraic geometry about purity of the branched
locus .
Lemma 2.1. Let X be a regular connected Noetherian scheme over an algebraically closed field k
and U be a nonempty open subset. Then the corresponding map of the e´tale fundamental groups
pi1(U)→ pi1(X) is surjective, and it is an isomorphism if X \ U has codimension ≥ 2.
Next we need the following result whose proof is essentially identical to [[T], Proposition 1, the
proof of Theorem 1].
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Lemma 2.2. Let g be a semi-simple Lie algebra and let Γ ⊂ Aut(U(g)) be a finite subgroup of
automorphisms defined over a finitely generated ring S ⊂ C. Then for all p ≫ 0 and a base
change S → k to an algebraically closed field of characteristic p, if χ : Z0(gk)→ k is a Γ-invariant
character, then the action of Γ on Zχ = Z(U(gk)/ kerχ) is faithful.
Proof of Lemma 1.1. Put Z = X/Γ ∼= Y/W. Denote by p1 : X → Z and p2 : Y → Z the corre-
sponding quotient maps. Let U (respectively U ′) be the symplectic locus of X (resp. Y .) Let U1
(respectively U ′1) be the locus of points in U (resp. U
′) on which Γ (resp. W ) acts freely. Now it
is immediate that U \ U1 (respectively U
′ \ U ′1) has at least codimension 2 in U (resp. U
′). Put
V = p1(U1) ∩ p2(U2). Then Z \ V has codimension at least 2 in Z. Thus p
−1
1 (V ) (resp. p
−1
2 (V ))
has complement in U of codimension at least 2 (resp. complement in U ′). Hence by Lemma 2.1
p−11 (V ) and p
−1
1 (V ) do not admit any nontrivial p
′-degree e´tale coverings. On the other hand,
p1 : p
−1
1 (V ) → V and p2 : p
−1
2 (V ) → V are Γ (respectively W )-Galois covering. Hence there exists
an isomorphism (necessarily preserving the Poisson structures) f : p−11 (V )→ p
−1
2 (V ) interchanging
actions of Γ and W : f∗(Γ) = W. Now since X \ p
−1
1 (V ) has codimension at least 2 and X is a
normal variety, we conclude that O(p−11 (V )) = O(X). Similarly, O(p
−1
2 (V )) = O(Y ). Thus, we get
the desired compatible isomorphisms X ∼= Y,Γ ∼= W. 
Proof of Theorem 1.2. Put A = D(X)W , B = D(Y )W
′
. We may chose large enough finitely gener-
ated subring S ⊂ C, over which A,B are defined, such that A and B are derived equivalent over
S. Now the standard argument about derived invariance of the Hochschild cohomology yields that
Z(Ap) ∼= Z(Bp) as Sp-Poisson algebras (see [[T] Lemma 4]) . On the other hand, using [[M], Corol-
lary 6.17] it follows that for a base change S → k to an algebraically closed field k of characteristic
p≫ 0, we have Z(Ak) = Z(D(Xk))
W and Z(Bk) = Z(D(Xk))
W . Therefore we have in isomorphism
of Poisson k-algebras
Z(Ak) = Z(D(Xk))
W = Z(D(Yk)))
W ′.
But since Z(D(Xk)) (respectively Z(D(Yk))) is isomorphic to (the Frobenius twist) of the cotangent
T ∗(Xk) (resp. T
∗(Yk)), we have an isomorphism of Poisson k-varieties
T ∗(Xk)/W ∼= T
∗(Yk)/W
′.
Since by the assumption T ∗(X) and T ∗(Y ) are simply connected, it follows that T ∗(Xk) (similarly
T ∗(Yk)) admits no nontrivial p
′-e´tale covering (see [[T2]].) Now Lemma 1.1 applied to T ∗(Xk) and
T ∗(Yk) yields the desired result.

Throughout Z0 denotes the image of Z(U(g)) in Z(U(gk)).
Lemma 2.3. Let g be a semi-simple Lie algebra and p ≫ 0. Let X = SpecZ(U(gk)) be the
Zassenhaus variety of gk. Let U be the smooth locus of X. Then U does not admit any nontrivial
e´tale p′-degree covering.
Proof. As explicitly constructed in [[Ta], Remark 2.4], there exists a morphism of varieties φ :
g
∗
k
→ X, such that it induces an isomorphism φ−1(Urss) ∼= Urss on an open subset of regular semi-
simple elements Urss ⊂ U. Put O = φ
−1(Urss). Thus φ|O : O ∼= Urss. Let W = φ
−1(U). Hence the
complement of W in g∗
k
has codimension at least 2. In particular, using Lemma 2.1 W admits no
nontrivial p′-degree e´tale covering. Let pi : Y → U be a p′-degree e´tale covering. Let pi′ : Y ′ → W
be its pull-back via φ. Therefore, pi′ must be a trivial covering, hence so is its restriction on O. Thus
the restriction of pi on Urss is trivial, implying the triviality of the covering pi (again by Lemma 2.1.)

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Lemma 2.4. Let g be a semi-simple Lie algebra and let Γ ⊂ Aut(U(g)) be a finite subgroup of
automorphisms defined over a finitely generated ring S ⊂ C. Then for any base change to an
algebraically closed field S → k of characteristic p≫ 0, the locus of points in SpecZ(U(gk)) with a
nontrivial stabilizer in Γ has at least codimension ≥ 2.
Proof. We may assume without loss of generality that Γ is a cyclic group of a prime order l. Let
σ ∈ Aut(U(g)) be its generator. Put X = SpecZ(U(gk)). Let Y be the codimension 1 component of
XΓ. Let χ ∈ (SpecZ0(gk))
Γ be in the image of Y under the map X → SpecZ0(gk). Then Γ acts on
the the quotient Uχ = U(g)/ ker(χ)U(g). Put Z(Uχ) = Zχ, X1 = SpecZ(Uχ) and Y1 = X
Γ
1 . Now we
claim that the preimage of χ under the quotient map SpecZ0(gk) → Spec(Z0(gk)
Γ) is a singleton.
Indeed, otherwise let X1 = ∪µXµ be the decomposition of X1 into its irreducible components,
where µ ∈ SpecZ0(gk) are characters laying over χ, and Xµ = SpecZ(U(gk)/ ker(µ)U(gk)). It
follows that Γ acts on irreducible components simply transitively. In particular, Γ has no fixed
points on X1, contradicting the choice of χ. Thus µ ∈ Spec(Z0(gk))
Γ. By Lemma 2.2, Γ acts
faithfully on SpecZµ = Xµ. Therefore, the reduced scheme structure of X1 coincides with Xµ and
the codimension of Y1 in X1 is 1. This is a contradiction since Xµ is a symplectic variety outside a
codimension 2 subset and Γ acts faithfully on it preserving the symplectic structure.

Proof of Theorem 1.1. Just as in the proof of Theorem 1.2, we may pick large enough finitely
generated ring S ⊂ C over which W,W ′ are defined, such that S-algebras U(g)W and U(g′)W
′
are derived equivalent. Therefore, after a base change S → k to an algebraically closed field of
characteristic p ≫ 0, we get a Poisson k-algebra isomorphism (similarly to the Proof of Theorem
1.2)
Z(U(gk))
W ∼= Z(U(gk))
W .
Put X = SpecZ(U(gk)), Y = SpecZ(U(g
′
k)). Then by Lemma 2.4 the locus of points in X (re-
spectively Y ) with a non-trivial stabilizer in W (resp. W ′) has codimension ≥ 2. Since the smooth
loci of X and Y do not admit any nonytivial p′-degree e´tale coverings by Lemma 2.3, we may adapt
the proof of Lemma 1.1 to this setting. Hence we get an isomorphism of Poisson k-algebras
f : Z(U(gk))→ Z(U(g
′
k
)),
that interchanges the actions ofW andW ′. Now let m be a maximal Poisson ideal in Z(U(gk)), and
put m′ = f(m). Then we get an isomorphism of Lie algebras m/m2 ∼= m′/m′
2. It follows easily from
the description of Z(U(gk)) that m/m
2 (respectively g′k)) is isomorphic to a direct sum of gk (resp.
g
′
k) with an abelian Lie algebra (see [[T] Lemma 3].) This easily yields an isomorphism gk
∼= g′k.
So g ∼= g′.

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